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A N P U R

¢ System
i(t) = Ax(t) + Bu(t) %
(t) = Ca(1) CA
» Output and its derivatives O, = | CA?
2(t) = Cz(t), f
3(t) = Ci(t) = CAz(t) + CBu(t), AT
3(t) = CA’x(t) + CABu(t) + CBu(t).
« We can infer rank(On) = n

Cx(t), CAx(t), CA%z(t),---, CA" a(t).

* Known quantities

CBu(t), CABu(t), and CB(u)(t)




Observability of nonlinear system {(&);

LE (2 A N P U R

+ne sysiem IS time (1) = fole(t) + 3w ia(t)
* The system is linear in the 2(t) = h(z(t)) Z

control.
* A Lie derivative is the L’h=h

derivative of a scalar along Lyh=VL°h- f;

integral curves of the 2 h=VIh-f

vector field f
2 1
quzfjh - Vszh . fj
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Example 1

2, = (11— 2,)° + (Y1 — Y0)”
Lie derivatives
L°h = (21 — 2)* + (Y1 — ¥o)?
VIh = [ =2(z1 — x,) —2(y1 — %) |

2

2 — Ly = VIOhfy = —2((mr — 20) cos + (31 — ) sine)

Not observable if

(21 —xy) cos® + (y1 — Yy)siny) =0 =V L 2z,
zp = (21— ro)? + (1 — ) = c



<L = tan_l YL = Yo — w (x'vuyv)
L1 — Ty
Lie derivatives
L°h = 2
VI°h = | — (y1p—2yv) ($1p—25€v) ]

é — Lhf, = VIOhf — W T Yo CO8 ij (1 — 2y) sin )

Not observable if
(=1 — y) cos Y + (21 — ) sin)) =0 =1 =0



Bearing-only cooperative
localization

LE (2 A N P U R

 Equation of Motion
| Vicos;
X; = fi(X;,u;) = | Vising
w; I

« Bearing Measurement

Nij = fan~ ] (?Jj — yz) — ;.

LL’j—SL‘i

Gi;, é {Vn,la g’n,l}



Bearing-only cooperative
localization

1 LE (2 A N P U R

e Joint states

X=[X/X, X1
¢ System

e X — f(X,’lL) — [fl—r(Xlaul)a"' 7ffr;|,_(Xnaun) !
Y = h(X, X)) = [ (X, X]) - B (X, XD)]T

« Can be implemented in a centralized or a
decentralized manner using EKF(Roumeliotis2002),
MMSE (Sanderson1998), MLE (Howard2002),
Particle Filter (Fox2000), and MAP (Nerurkar2009)



Graph-based Observability
Analysis

— Roumeliotis2002,
Bicchi1998,
Huang2008, and
Martinelli2Z005

— What effects the o}
observabillity of the
system? 50

« Control strategy

w=[uy, - ,u,) € R™"

100

50

¥(m)

-100

* Topology ofsensor | sg————a 50—,
network (RPMG) i)

 Number of landmarks.
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X — fviUi -+ fwiwi + f'l)j?‘)j + fijj

y = h(X) =mn;
B VLOh 7] i _Ay%" ACBij —R?J AyU —Afﬁ'@'j 0
VL h sY; —aby J5 s 0
VLL h =Sy 0 sty -y —Jf
v Lwaz' , 0 0 ~Jy 0 0 Jy
VL;UJ% 3 cp; s; J —a =Sy 0
B f’ujfwj | | _ij _Swj 0 ij' Swj _Jj_ -




foo =lcy; 5y, 0000]", fo, =[001000]", f,, =[000 ¢y, sy, 0], fo, =[000001]"

Lgh = MNij

0 — . 2
VL' h = [ —Vij  Xij _R.{f Vij —Xij 0]

1 0 , :
Lﬁ}_h = VL h- fi, = XijSy. — VijCy;.

1 0 , :
Lﬁjjh =VLh- f,; = —(xijSy; — VijCy;):

Ly, h=VLh- fo, = —R;

Ly, h=VL"f, =0.
S
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A N P U R

VL}},]? — ] Swi _CIIUI J+ _LS'WI‘ Cw_; O :| :

VL}-‘JJ_/I = —Sy; Cy; 0 Sy, —Cy, —J;r ] ;

VLj,h=2 [ —xij =yij 0 xij yij O ] -
-‘}"’iﬁ’ih = VL}-‘JE_h - Jyi = SyiCy — Sy Cy = 0.

L?‘ilj.fi:j h = VL}-‘JJ_h Jo; = SyCy; — SyCy; =0,

Lazﬁ"i-f"j h= VL}-‘JE_h Joj = —SyiCy; 1 Sy, Cy

Lj ot =VLj h-fo, = J;".

L3, fo,t="VL}, 1+ fo; = =T

Ly, nh=VLy, h-fo, = =2J7,

2 . 1 AT+
L= VL, I fo; = 277,
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VL 5,h=10 0 =Jy 0 0 Jw]

2 _ , — ,

2 _- ' ' R
VLG fo V=1 —cy; —sy; O sy, —cy; —J; ]

L?‘ii-ﬁr-ﬁo-h = VL,:;i:-ﬁl-h for = —(CypCy; T+ Syisy;).
L;‘ o for h = VL“ fucky; - fo; = (CyCy; +L5'%..5'wj),
Ly, fufi 1= VLG, ot fri = 1.
thfwjf h = VL foifo, h-fo;, =1,
L; S for h = VL}Mmfh Say = —(XijSy; —YijCy,)-

7
L3, fu fogt = VL 1 oy = Xijy; = Vijcy;
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3 . _
VLfir,-,fi:jfLufh_a][O 0100 1 ——EVL;&,M”--

3
VLG, oo = —Vthfh,”

VL-;;*;J(W;)(W; h — _('XEJ;SWF "!-”CW’) VLf h

3 R v & |
VL, fo ;= XijSy; = Yijcy; = =VL h.

Linearly dependent upon the previous gradients, therefore it does not
contribute in rank of the observability matrix
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e Lemmal
- Rank of the observability matrix O;; is three if
— (1) Vi>0
-@ V;>0
- Q) J =y;;cos; — xysint; # 0
- (4) + .
Ji = xijcosh; + yigsin; # 0
 Proof
i Cyp. J:' Cop R?j » ]
_J.*Jﬁ _;.ij,'." _% 0000
Slfij J?+ Swj Rt2_j- CEt'j
I O AN AN Tr 0000
3 ] s = '
E;;0; = Uy = Y _slim) L L0000
O4x3 Ouxs Ji J; Ji J; JI;
Ej = 27 el 0 1000
1] — 7 - )
18(20—2,)  c(Wi—vi)J;  e(i—1y)
—1 0 Ay%’" 2 J;J;_ JJJ;_ T 0100
.. 1 I
OY = 0 —1 AZL’ZJ ) T 7 0 0O 0 1 0
+ RZ, Jo
0 0 —1 _J,L—Itﬁ _J._jf" _ﬁ 0001
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Edge between vehicle and a landmar

) —Yik Lik _RZQk ]
S —c1; Jt
Ozk —
—2T;, 2y 0
B qubz 8?701' J~ ]
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Edge between vehicle and a Iandmaj"""}

T [ A N P U R

> Lemma 2

» Rank of the observability matrix Oix is two if
> (1) Vi>0
> (2) J =yikcos; — yysiny; # 0
> Proof
Oix e oz g ()
Ef,; OZ — Uf,, = J— J—
B [‘)zxs] L L
E’ik: _9oJ+ _2R§k
O' o 1 0 Ayzk = J_T_ 1 0
tk 0 1 —Aiﬁik . i JL_ i—_ () 1_
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Three nodes

* Lemma 3
— Observability matrices of all of the configuGitions
of span the same space
A A A A
S A A A A A A A

I, O 0 | I, O, O (I; 0 O ]
— _ — _ .0, =FE0,=FE,0O; = :
Oq I, 0 O Oy [ 0 I, Oy TR0 Iy O
I, Op 0 | _ (I, 0 Oy
. ’ . . I 0 O E.O. = (f I, (3;
Oc — 0 13 QZ3 Od - 0 I O . 0 O 0
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Three nodes

LE (2 A N P U R

> Lemma 3

> Observability matrices of all of the configurations
of G5 span the same space

* *

A
*
JAS AN JAN A
> Proof
13 O@ IS O’Lk
Op — I J OP — — .
a [ Olir,  O2x3 ] b [ O2x3  Oljy ]
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Three nodes

1 LE (2 A N P U R

 Lemma4
— Position and heading of arobot is completely observable in
RPMG 5
* Proof: G1
x A
OF,., = Oliy *
2112 Olﬂ X *
[ Yi2 0 —¥L (]
Y12 Y12
_Za 1 zi1 )
E;120}), = [ 3 ] Fijg = %2 12
0143 ~n 0 " 0
—a2z ] 2]
_ Y12 Y12 _

19



LE (2 A N P U R

* Theorem

— If an RPMG is proper and each vehicle node has a path to
two known landmarks then the system is completely
observable.
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« Exchange
— Inter vehicle bearing measurement
— Position and heading

— Motion information (velocity, angular
rates)

— GPS only to An

« To Cooperatively estimate states
(position and heading) of all of the e
vehicles.

* |Is this system observable?

21



« Relatlve Position measurement

Observability Result

graph(RPMG)

Gn = {Vn, &0}

€ V; cos 6; cos ),
Ui | Vicos0;siny;
o 7 — V. sin 6,
q‘:‘:”‘ a I ID W
~ i i
NN
“\q’_ ,f'fﬂ_,f"“ -
nx\} {:’f.ﬁ g
hff w; = — tan ¢;
Vi
1
0e - 0.5
| 0 -0.5
0.5 1 g
X(m)
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Observability Result
STheorem

* The system is completely observable if
— (1) the RPMG is proper and connected
- 2V, >0, ieV,
— (3)6; # g i€V,
— (4) one of the vehicle has GPS
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